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In this paper, it is proved that for every h>2, every tinite nilpotent group G of 
order n contains a subset A such that 
Ah=G and IAl<h.2h-‘& 
This answers an old question by Rohrbach in the nilpotent case. An application to 
Cayley graphs is also discussed. 0 1992 Academic PXSS. IX 
1. INTRODUCTION 
Let G be a group. Let A,,A,, . . . . Ah be subsets of G, A,A,...A, denotes 
the product of these subsets in G. In particular, if A 1 = A 2 = . . . = A ,, , we 
write Ah for the product A,A, . . . A,,. A subset A of G is called a basis of 
order h for G if Ah = G. If A is a basis of order h for a finite group G with 
IGI =n, then 
n= IGI = [AhI < IAlh, 
i e . ., 1 A( > nljh. It is natural to ask if there exists a constant c = c(h) > 0 so 
that every finite group G contains a thin basis A of order h with 
IAl<clGl . ‘lh In fact, Rohrbach [S, 61 asked this question more then fifty 
years ago. Rohrbach observed that such thin bases exist for cyclic groups. 
Cherly [l] proved that every finite abelian group G of order n contains a 
basis A of order 2 for G such that 
Ml 62,/nl0gn+2. 
Recently, I [3] have proved that every finite abelian group G contains a 
basis A of order h such that 
IAI bc, $@i (1) 
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where c1 = h( 1 + l/$)h- I. Th’ is answers Rohrbach’s question in the 
abelian case. In particular, every finite abelian group G of order n contains 
a basis of order 2 such that 
This greatly improves Cherly’s result. 
For arbitrary finite groups, Nathanson [4] has proved that every finite 
group G of order n contains a basis A of order 2 such that 
IAl <2Jnlogn+2, 
and, for every h > 3 and 6 > 0, there exists an integer M = M(h, 6) such 
that every finite group G of order n 3 M contains a basis A of order h such 
that 
IAl <(h+6) ya. 
It is still not known if thin bases of order h > 2 exist for the class of all 
finite groups. 
Let G be a finite group. For any subsets X and Y in G, the commutator 
subgroup [X, Y] of X and Y is the subgroup of G generated by xyx-‘y-l, 
x E X and y E Y. The lower central series of G is defined by 
L,(G) = G, L,(G) = CL,- l(G), G] for i> 1. 
A group G is called nilpotent if L,(G) = 1 for some m. In this paper, we 
shall prove the following theorem. 
THEOREM 1. Let h Z 2 be any integer. Let c2 = h. 2h- ‘. Then every finite 
nilpotent group G contains a basis A of order h such that 
In the last section of this paper, we shall discuss an application of this 
theorem to Cayley graphs. 
I thank Professors Melvyn B. Nathanson and Frank Hsu for their 
helpful suggestions. 
2. LEMMAS 
LEMMA 1. If G is a finite cyclic group of order m, then there exist h 
subsets A,, . . . . A, in G such that 
j, Ah=G and lAil < $+ 1 for i= 1, 2, . . . . h. 
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Proof Let u = r fil, where [xl d enotes the least integer 3x. Let 
Ai= {O,ui-1, .**, (u- 1) P} for i= 1,2, . . . . h. 
Clearly, 
IAil =u<mllh+ 1 for i= 1,2, . . . . h. 
Suppose that CT= I Ai 2 [0, us - 11, where [a, b] denotes the set of integers 
between a and b. Choose any n: us < n < us+‘. Suppose 
n = qu” + r, where 16 q < u - 1 and O<r<u”-1. 
Then rECsCl Ai, hence 
s+l 
n=qu”+rE 1 A;. 
i=l 
Therefore, 
i A,z[O,zP-l]z[O,m-11. 
i= 1 
The proof of Lemma 1 is complete. 
LEMMA 2. If P is a p-group of order pUh where u is an integer, then there 
exist h subsets A,, A,, . . . . A, such that 
ifil Ai= P and IAil = P” for i= 1, 2, . . . . h. 
Proof: Noticing that P is solvable with IPI = pUh, we see that P 
possesses a normal series, 
such that each Hi- 1/Hi is a cyclic group of order p for i = 1,2, . . . . uh. 
Assume that, for any i: 1 < i < uh, 
Hi-,/Hi= (Xilp . ..y Zip}, 
where Xii denotes the congruence class in Hi-, modulo Hi which contains 
XgEHi-1 for j = 1, 2, . . . . p. Let 
si= {Xii, . ..) xc}. 
Define 
Aj= fi Scj-l)u+i for j= 1, 2, . . . . h. 
i=l 
641/41/3-5 
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Noticing that each Si is the set of representatives of Hip ,/H,, we see that 
IAjl=fi ls(j-I)u+rI=P" for ,j = 1, 2, . . . . h. 
i= I 
I now prove that n:= i A, = P. Let XE P be any element. Since 
%EH,JH,, we see that x=xij,y, for some xij,~S1 and some ~,EH,. 
Since vi E H,/H,, we see that y, = xzjz yz for some xzjz E Sz and some 
y2 E H,. Similarly, we have 
Y2 = x3jj Y.13 
Y3 = x4jdY49 
yuh-2 = Xuh~l.ju~-~yuh-l? 
Yuh- I = xuh.j,,h Yuh, 
where xii, E Si, yi E Hi for i = 1, 2, . . . . uh. In particular, y,h = 1. Therefore, 
x = x?i,xy, . ” x ukjuh 
Define 
Xj=X(j-I)u+1 ..‘Xju for j= 1,2, . . . . h. 
Then xj~ Aj for j= 1, 2, . . . . h, and 
x=x, ...x~E fi A;. 
i=l 
The proof of Lemma 2 is complete. 
3. PROOF OF THEOREMS 
Let G be a finite nilpotent group of order n, where 
j=l 
and pl, . . . . p, are distinct primes, u1 , . . . . U, are positive integers. Because G 
is nilpotent, G can be written as a direct product of its Sylow subgroups 
(see PI), 
G=P,@P2Q ... @P,, 
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where each Pi is the only Sylow pi-subgroup in G for j= 1, 2, . . . . r. Noticing 
that Pi is a pj-group, we see that the center Z(P,) of P, is not trivial, hence 
Pi possesses a normal subgroup Kj of order pi in the center Z(P,) of P,. 
Define 
Then C, is a normal cyclic subgroup of order 
IKlI= n pj 
i 
u, # Omodh 
in the center Z(G) of G. Let G, be the factor group G/C,. Then G, is also 
nilpotent, and 
lG,l = f j  pi"", 
j=l 
where 
u ,j = 
uj, if uj=Omod h 
uj- 1, otherwise 
for j= 1, 2, . . . . r. Applying this procedure to G,, we obtain a normal cyclic 
subgroup Cz of G1 contained in its center Z(G,) such that the factor group 
G, = G,fC, is of order 
IGA = h P,““, 
j= 1 
where 
uzj = ulj3 
if urj=Omod h 
ulj- l9 otherwise. 
Continuing this procedure, we obtain two sequences of groups, 
Go = G, G, , . . . . and C,, C1, . . . 
such that Ci is a normal cyclic subgroup of G,-, contained in its center 
Z(Gi-,), and that Gi= G;-r/C, is of order 
IGil = n py, 
i= 1 
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where 
tdjj= ui- I,,’ if ~~~,,~=Ornodh 
ui-I,j- l, otherwise 
and uoj = uj for j = 1, 2, . . . . r. 
It is clear from the construction that C,, = 1. Hence 
z+~~.~-=O modh for j=l,2 ,..., r. 
Assume that 
Uh-I,j=Vjh for j=l,2 ,..., r. 
Therefore, 
Gh-I=Q,@Q,@ . ..OQr. 
where each Qj is a pj-group of order 1 Q,l = py’” for j = 1,2, . . . . r. It follows 
from Lemma 2 that there exist subsets A,j, . . . . A, of Qj such that 
ifil Ati=Qj and 1 A,1 = py for i= 1, 2, . . . . h. 
Since Cj is a cyclic group, it then follows from Lemma 1 that there exist 
subsets S,j, . . . . S, of Cj such that 
fi s,=cj and &I<~+1 for i= 1, 2, ..,, h. (2) 
i= 1 
Let g be any element in G. Let g (I) denote the element in G, = G/C,, 
which, as a congruence class in G modulo C1, contains g. Suppose 
g(l) E G1, . . . . g(j) E Gj are defined. Define g(j+ I) as the element in 
Gj+ I =GjlCj+ I which contains g(j). It follows from the construction of G, 
that any element in Gj is of the form g(j), where ge G. Therefore, we may 
assume that 
A,= {X’h-‘)(~~BiJ}, 
where B, is a subset of G and 1 A,[ = I B,I for i = 1, 2, . . . . h and j = 1, 2, . . . . r. 
Similarly we may assume that 
s,= (wlyxE T,}, 
where Tij is a subset of G and IS,1 = I Ti,l for i= 1,2, . . . . h and 
j= 1, 2, . ..) h - 1, and X(O) = x. 
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For any i: 1 <i<h, define 
Ai= h Bghfil Tivhpj. 
j=l j=l 
lAil = fi Bvhfi’ Ti,hpj 
j- 1 j=l 
d fi [ByI ehfi’ lT;,h-jl 
j=l j=l 
=I01 l&j -‘ii’ &I 
j=l 
We now prove that A, A2 . . . Ah = G. Let g be any element in G. We are 
going to show that gEA,A,...A,. Since 
we see that 
G,-,=QlO ... OQ,, 
where g,!” - ’ ) E Qj for j = 1, 2, . . . . I-. Therefore 
h 
gy-I)= n a$-” 
i= 1 
for some aU E B, for i = 1, 2, ,,., h. Noticing that Gh- 1 is a direct product of 
Qj (j= 1, 2, 1.1) I-), we see that elements from different Qj’s are commutative. 
Hence 
Since Gh _ 1 = Gh _ 2 / Ch _ , , there exists an fh ~ 1 E C, _ 1 such that 
&y-2’= fi fi q-wfhpl. 
i=l j=l 
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It follows from (2) that 
i= 1 
where t,,- i E Ti+, for i = 1,2, . . . . h. Since C, ~ i is a subgroup of G,, _ 2 
contained in its center Z(G,- 2), all ij,i::“s commute with all a?- ‘j’s 
Therefore, 
Noticing that G, ~ 2 = G,, ~ 3/C, ~ 2, there exists some fh _ 2 E C,, _ 2 such that 
g -(h-3)= fi (h al:"i~~h~3~).fh-~, 
i= 1 j= 1 
It follows from (2) that 
where ti,h- z E Tj,h ~ 2 for i = 1, 2, . . . . h. Similarly, we see that 
g -(h-3)= fi (fi zg-3).i$Fhy3:). fi i(i,hhy-3,j 
1=1 .j= I ;= 1 
= fi 
i=l 
Continuing this procedure, we have that tvc T, for i= 1,2, ..,, h, 
j= 1, 2, . ..) h - 1 such that 
g -(‘--l)= fi (Ii $k3).z tif;l)), for s= 1, . . . . h. 
i= 1 j=l j=l 
In particular, we have that 
g= 8°‘c~l (fi, uij’lc: li.h-j)? 
and this is contained in A, A,. . . A,. Let A = lJf=, Ai. Then 
The proof of Theorem 1 is complete. 
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4. APPLICATION TO CAYLEY GRAPHS 
Let r be a given nontrivial finite group with a generating set S. We 
associate a digraph with r and S called the Cayley graph of r generated 
by S and denote by G(T, S). The vertex set of G(T, S) is the set of group 
elements of r, and x is adjacent to y if and only if yx-’ E S. 
Let G be a graph. The distance between two vertices x and y, denoted 
d(x, y) is the length of a shortest path from x to y. The diameter d(G) of 
the graph G is the maximum distance between two vertices of the graph. 
We are interested in finding a smallest generating set S of the Cayley 
graph G = G(T, S) with given finite group r and the diameter d. In other 
words, for any finite group r, and an integer d 2 2, we are interested in a 
smallest subset S such that the diameter d(G(T, S)) <d. 
This problem arises quite naturally in the study of computer networks. 
Elements in the group represent the stations or processors, the generating 
set S represents the links between stations or processors, and the diameter 
of the graph represents the maximum number of links to be used to 
transmit a message within the network. 
Let r be a finite group of order n. Let G = G(T, S) be the Cayley graph 
of r generated by S. If the diameter of the G is d, then n > ISId, i.e., 
ISI 2 ,;/J;. Naturally, we have the following question: For any d> 2, is 
there a constant c = c(d) > 0 such that every finite group r contains a 
subset S such that 
d(G(f’, S)) Q a’ and ISI d c&q? 
It follows from Lemma 3 below that this is another version of Rohrbach’s 
question on the existence of thin bases for finite groups. 
We shall prove that such a constant exists for the class of abelian groups 
and the class of nilpotent groups. 
LEMMA 3. Let r be a finite group, S a subset of r. Then S is a basis of 
order d for r if and only if d(G(T, S)) < d. 
Proof. Suppose that S is a basis of order d for K Let x, ye r. Then 
there exist d elements aI, a*, . . . . ad in S such that 
Define 
YX -‘=ala,-.-ad. 
x0=x, 
Xi=Ud-i+lXj-1 for i= 1, 2, . . . . d. 
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Then 
xd=a,x,-,=a,a,x,-,= ... =a,az’..a,.x=v 
and 
Xi~lX;‘=ud--i+,ES for i= 1, 2, . . . . d. 
Therefore, d(x, y) < d, hence the diameter of the G(f, S) is <d. 
Conversely, suppose that d(G(I’, S)) 6 d. We need to show that S is a 
basis of order d for r. Let x E K Then there exists a path from the identity 
element 1 to x with distance Ed, 
l=x,,x,,...,xd=x 
in the graph, i.e., 
-1 
xjxj- 1 =a,ES for i= 1, 2, . . . . d. 
Then 
x = adad-, . ..a.a, E Sd. 
Hence S is a basis of order d for r. The proof of Lemma 3 is complete. 
THEOREM 2. Let d>2. Let c, = d(1 + l/$)“-‘. Then every finite 
abelian group r contains a subset S such that 
(i) the diameter of the Cayley graph G(T, S) is Q d; 
(ii) ISI <cl $97. 
ProojI It follows immediately from Lemma 3 and (1). 
THEOREM 3. Let da 2. Let c2 = d. 2d- ‘. Then every finite nilpotent 
group r contains a subset S such that 
(i) the diameter of the Cayley graph G(T, S) is < d; 
(ii) ISI < ~$7. 
Proof It follows immediately from Lemma 3 and Theorem 1. 
Using Lemma 3 and the results by Nathanson [4] on bases for finite 
groups, which I mentioned in the Introduction, we have the following 
theorems. 
THEOREM 4. Every finite group r of order n contains a subset S such that 
(i) the diameter of the Cayley graph G(T, S) is two; 
(ii) (SI 62Jx+2. 
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THEOREM 5. Let da 3, 6 > 0. Then there exists an integer M= M(d, 6) 
such that every finite group r of order n contains a subset S such that 
(i) the diameter of the Cayley graph G(T, S) is d d; 
(ii) (SI < (d+ 6) ,fz. 
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